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 a b s t r a c t

Despite advancements in high-performance computing and modern numerical algorithms, computational cost re-
mains prohibitive for multi-query kinetic plasma simulations. In this work, we develop data-driven reduced-order 
models (ROMs) for collisionless electrostatic plasma dynamics, based on the kinetic Vlasov-Poisson equation. 
Our ROM approach projects the equation onto a linear subspace defined by the proper orthogonal decomposi-
tion (POD) modes. We introduce an efficient tensorial method to update the nonlinear term using a precomputed 
third-order tensor. We capture multiscale behavior with a minimal number of POD modes by decomposing the 
solution manifold into multiple time windows and creating temporally local ROMs. We consider two strategies 
for decomposition: one based on the physical time and the other based on the electric field energy. Applied to 
the 1D1V Vlasov–Poisson simulations, that is, prescribed E-field, Landau damping, and two-stream instability, 
we demonstrate that our ROMs accurately capture the total energy of the system both for parametric and time 
extrapolation cases. The temporally local ROMs are more efficient and accurate than the single ROM. In addi-
tion, in the two-stream instability case, we show that the energy-windowing reduced-order model (EW-ROM) is 
more efficient and accurate than the time-windowing reduced-order model (TW-ROM). With the tensorial ap-
proach, EW-ROM solves the equation approximately 90 times faster than Eulerian simulations while maintaining 
a maximum relative error of 7.5% for the training data and 11% for the testing data.

1.  Introduction

Collisionless electrostatic plasma kinetics is governed by the Vlasov–
Poisson equation, which describes the evolution of charged particle dis-
tribution under the self-consistent electrostatic field. Due to high di-
mensionality, scale disparities, and nonlinearity, solving these equa-
tions is computationally challenging. Lagrangian particle-in-cell (PIC) 
methods [1] are often used, where particles are advanced along the 
characteristic curves of the Vlasov equation [2]. Alternatively, grid-
based Eulerian methods [3–6] allow the use of advanced high-order 
numerical algorithms for partial differential equations (PDEs) [7–9]. In 
this work, we consider the 1D1V Vlasov–Poisson equation in the para-
metric setting. In particular, we study the effects of initial conditions 
characterized by the perturbation amplitude and the thermal velocity. 
While high-performance computing capabilities and scalable algorithms 
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enable high-fidelity kinetic simulations, parametric studies remain in-
tractable due to requiring many forward simulations.

Reduced order modeling can be a promising alternative for such 
multi-query applications, by providing a surrogate model that solves the 
equation with moderate accuracy but considerable speed-up compared 
to the corresponding full-order model (FOM). Reduced-order models 
(ROMs) can be divided into two categories, namely, intrusive and nonin-
trusive ROMs. Intrusive ROMs are constructed using knowledge of un-
derlying governing equations, numerical schemes, and solution data, 
whereas nonintrusive ROMs are constructed using solution data only 
[10–16]. We consider projection-based reduced-order models (ROMs), 
which is one of the intrusive approaches. In particular, the reduced basis 
vectors are extracted by performing proper orthogonal decomposition 
(POD) on the snapshot data of the FOM simulations, and the govern-
ing equations are projected onto the reduced space. These approaches 
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\begin {align}& \partial _t f + v \partial _x f + E\partial _v f= 0 \label {eq:1D--1V-vlasov} \\ & \partial ^2_x \phi = \displaystyle \int f~dv - \frac {1} {\int dx} \int \int f~dv~dx , \label {eq:1D--1V-poisson}\end {align}
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$\mathcal {D}\subset \mathbb {R}^2$


\begin {align}\frac {\partial {f}}{\partial t} + \frac {\partial }{\partial x} { F}\left ({ f}\right ) + \frac {\partial }{\partial v} { G}\left ({ f}\right ) = 0, \ \ \ \
{ F}\left ({ f}\right ) \equiv v { f},\ \ \ \
{ G}\left ({ f}\right ) \equiv E { f} \label {eq:hyp_pde}.\end {align}
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$x_i$


\begin {align}\left .\frac {\partial \arbfunc }{\partial x}\right |_i = \frac {1}{\Delta x} \left (\hat {\arbfunc }_{i+\frac {1}{2}} - \hat {\arbfunc }_{i-\frac {1}{2}}\right ) + \mathcal {O}\left (\Delta x^p\right ), \label {eq:cfd}\end {align}
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$\hat {\arbfunc }_{i\pm \frac {1}{2}}$


\begin {align}\hat {\arbfunc }_{i+\frac {1}{2}} = \begin {cases} \hat {\arbfunc }^L_{i+\frac {1}{2}} & \arbfunc '_{j} > 0, \arbfunc '_{j+1} > 0 \\ \hat {\arbfunc }^R_{i+\frac {1}{2}} & \arbfunc '_{j} < 0, \arbfunc '_{j+1} < 0 \\ \frac {1}{2}\left [\hat {\arbfunc }^L_{i+\frac {1}{2}} + \hat {\arbfunc }^R_{i+\frac {1}{2}} - \left (\max \limits _{j,j+1}{\arbfunc '}\right ) \left (\hat {f}^R_{i+\frac {1}{2}} - \hat {f}^L_{i+\frac {1}{2}}\right )\right ] & {\rm otherwise}, \end {cases} \label {eq:upwindflux}\end {align}
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\begin {align}\begin {cases} \displaystyle \frac {d{\bff }}{dt} + {\bN }({\bff }) = {\bf 0} \\ \bphi = \mathcal {F}^{-1} \left (-\bfk ^{-2} \mathcal {F}\left ({\bg }(\bff )\right )\right ), \end {cases} \label {eq:ode}\end {align}
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$\bff \in \real ^{N_f=n_x\times n_v}$
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$0 \le i \le n_x, 0 \le j \le n_v$


$\bphi \in \real ^{N_\phi = n_x}$
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\begin {equation}\mS _f \equiv \text {Span}\{\bpsi ^i_f\}^{n_f}_{i=1} \subseteq \real ^{N_f} , \label {Xeqn1-7}\end {equation}


$(\mathcal {S}_f) = n_f \ll N_f$


\begin {equation}\mathcal {S}_\phi \equiv \text {Span}\{\bpsi ^i_{\phi }\}^{n_\phi }_{i=1} \subset \mathbb {R}^{N_\phi }, \quad \mathcal {S}_E \equiv \text {Span}\{\bpsi ^i_{E}\}^{n_\phi }_{i=1} \subset \mathbb {R}^{N_\phi }, \label {Xeqn2-8}\end {equation}


$\text {dim}(\mathcal {S}_{\phi }) = \text {dim}(\mathcal {S}_E) = n_\phi \ll N_\phi $


$\bff $


$\bphi $


$\bE $


\begin {equation}\bff \approx \tbff = \bff _{\tos } + \bPsi _f \hbff , \quad \bphi \approx \tbphi = \bphi _\tos + \bPsi _\phi \hbphi , \quad \bE \approx \tbE = \bE _\tos + \bPsi _E \hbphi , \label {eq:reduced_app}\end {equation}
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$\bE _\tos \in \mathbb {R}^{N_\phi }$


$\bPsi _f \in \mathbb {R}^{N_f \times n_f}$


$\bPsi _\phi \in \mathbb {R}^{N_\phi \times n_\phi }$


$\bPsi _E \in \mathbb {R}^{N_\phi \times n_\phi }$


\begin {align}&\bPsi _f \equiv \begin {bmatrix} \bpsi ^1_f & \bpsi ^2_f & \cdots & \bpsi ^{n_f}_{f} \end {bmatrix}, & \bPsi _\phi \equiv \begin {bmatrix} \bpsi ^1_\phi & \bpsi ^2_\phi & \cdots & \bpsi ^{n_\phi }_{\phi }\end {bmatrix}, \\\notag & \bPsi _E \equiv \begin {bmatrix} \bpsi ^1_E & \bpsi ^2_E & \cdots & \bpsi ^{n_\phi }_{E}\end {bmatrix}, \label {Xeqn4-10}\end {align}


$\hbff :[0,t_f] \rightarrow \mathbb {R}^{n_f}$


$\hbphi :[0,t_f] \rightarrow \mathbb {R}^{n_\phi }$
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$\{\bp _k = (\alpha _k, v_{T,k})\}^{n_p}_{k=1}$
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\begin {equation}\bF \equiv \begin {bmatrix} \bff _1(\bp _1)& \cdots & \bff _{N_t}(\bp _{1}) & \cdots & \bff _{1}(\bp _{n_p}) & \cdots & \bff _{N_t}(\bp _{n_p}) \end {bmatrix} \in \mathbb {R}^{N_f\times K}, \label {eq:fullll}\end {equation}
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$n\in \N (N_t)$


$K=\sum ^{n_p}_{k=1}N_t$


\begin {equation*}\bF = \bU \bSigma \bV ^T,\end {equation*}


$\bU \in \real ^{N_f \times K}$


$\bV = \real ^{K \times K}$


$\bSigma \in \real ^{K \times K}$


$\bPsi _f = \begin {bmatrix} \bu _1 ~\ldots ~ \bu _{n_f} \end {bmatrix}$
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$n_f \in \mathbb {N}(K)$


\begin {equation}\delta _\sigma \ge 1 -\frac {\sum ^{n_f}_{i=1}\sigma _i}{\sum ^{K}_{i=1}\sigma _i}, \label {eq:energy_criteria}\end {equation}
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$\bPsi _f \in \mathbb {R}^{N_f \times K}$
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$\bPsi _\phi $


$\{\bp _k = (\alpha _k, v_{T,k})\}^{n_p}_{k=1}$


\begin {equation}\bF _\phi \equiv \begin {bmatrix} \bphi _1(\bp _1) \!\!&\!\! \cdots \!\!&\!\! \bphi _{N_t}(\bp _{1}) \!\!&\!\! \cdots \!\!&\!\! \bphi _{1}(\bp _{n_p}) \!\!&\!\! \cdots \!\!&\!\! \bphi _{N_t}(\bp _{n_p}) \end {bmatrix} \in \mathbb {R}^{N_\phi \times K}, \label {Xeqn7-13}\end {equation}
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$K=\sum ^{n_p}_{k=1}N_t$
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$\bPsi _\phi $
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$\bpsi ^i_f$


\begin {equation}\bphi _\tos = -\mF ^{-1}(\bfk ^{-2} \mF (\bg (\bff _\tos ))), \quad \bpsi ^i_{\phi } = -\mF ^{-1}(\bfk ^{-2} \mF (\bg (\bpsi ^i_{f}))), ~\forall ~i=1,\ldots ,n_f, \label {eq:poisson_for_basis}\end {equation}


$\bfk ^{-2}$


$\bpsi ^i_\phi $


$\bpsi ^i_f$


$\bPsi _{\phi }$


$\hbphi $


$\hbphi = \hbff $


$n_\phi = n_f$
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\begin {equation}\bPsi _E =\begin {bmatrix} \bpsi ^1_E & \bpsi ^2_E & \cdots & \bpsi ^{n_\phi }_{E} \end {bmatrix} \label {Xeqn9-15}\end {equation}


$E = -\nabla \phi $


\begin {equation}\bE _\tos = \mF ^{-1}(-{\bm i}\bfk \mF ( \bphi _\tos )),\quad \bpsi ^i_E = \mF ^{-1}(-{\bm i}\bfk \mF ( \bpsi ^i_\phi )), \quad \forall ~i=0,\ldots ,n_\phi . \label {Xeqn10-16}\end {equation}


$\bPsi _f^T \bPsi _f$


\begin {align}\begin {cases} \displaystyle \frac {d \hbff }{dt} & = \bPsi _f^T \bN (\bff _\tos + \bPsi _f \hbff ) \\[8pt] \wbA \hbphi & = \wbg , \end {cases} \label {eq:1D--1V-vlasov-rom}\end {align}


$\wbA \in \real ^{n_\phi \times n_\phi }$


$\wbg \in \real ^{n_\phi }$


\begin {align}\wbA _{ij} & \equiv (\bpsi ^i_{\phi })^T \mF ^{-1}(-\bfk ^{2} \mF (\bpsi ^j_{\phi })),\quad \text {and}\nonumber \\& \quad \wbg _i \equiv (\bpsi ^i_{\phi })^T \left [\mF ^{-1}(\bfk ^{2} \mF (\bphi _{\tos })) + \bg ({\bff _\tos } + \bPsi _f \hbff ) \right ] ,\end {align}
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$n_f \ll N_f$
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$\bPsi _f$


$\bN (\bff _\tos +\bPsi _f \hbff )$


$\mathcal {S}_f$


$\bN $


\begin {align}\bN (\bff ) & = \biggl ( [{\bDcx } \otimes {\bm I_v}] \left [{\bm I_x }\otimes \tdiag ({\bm v}) \right ] + [{\bm I_x} \otimes {\bDcv }]\left [ \tdiag (\bE ) \otimes {\bm I_v} \right ]\biggr ) \bff , \label {eq:tensor_product}\end {align}
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$\otimes $
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\begin {align}&\bPsi _f^T \bN (\bff _\tos + \bPsi _f \hbff ) = \bPsi _f^T \biggl (\left . [{\bDcx } \otimes \bIv ] \left [\bIx \otimes \tdiag ({\bm v}) \right ] \right . \nonumber \\&\quad \left .+ [\bIx \otimes {\bDcv }][ \tdiag (\bE _\tos + \sum _{i=1}^{n_\phi } \hbphi ^i \bpsi ^i_E) \otimes \bIv ] \right .\biggr ) \left (\bff _\tos + \bPsi _f \hbff \right ) \nonumber \\ & \approx \bPsi _f^T \biggl ( [{\bDcx } \otimes \bIv ] \left [\bIx \otimes \tdiag ({\bm v})\!\! \right ] + [\bIx \otimes {\bDcv }] \!\!\left [ \tdiag (\bE _\tos ) \otimes \bIv \right ] \biggr )\nonumber \\&\quad \times \left ( \bff _\tos + \bPsi _f \hbff \right )+ \bPsi _f^T \biggl ( [\bIx \otimes {\bDcv }] \sum ^{n_\phi }_{i=1} \hbphi ^i \left [ \tdiag (\bpsi ^i_E) \otimes \bIv \right ] \biggr ) \left ( \bff _\tos + \bPsi _f \hbff \right ) \nonumber \\ & {\approx }~ \wbG _1 \hbff + \bmG _2(\hbphi )\hbff + \wbg _0 + \wbG _0\hbphi + \wbg _1 + \wbG _2\hbff . \label {eq:tensorial_approx}\end {align}


$\wbg _0 \in \real ^{n_f}$


$\wbg _1 \in \real ^{n_f}$


$\wbG _0\in \real ^{n_f \times n_\phi }$
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$\bmG _2 \in \real ^{n_f \times n_f \times n_\phi }$


\begin {align}\wbG _{1,ij} & \equiv (\bpsi ^i_{f})^T \bigl [{\bDcx } \otimes \bIv \bigr ] \bigl [{\bIx } \otimes \tdiag ({\bv }) \bigr ] \bpsi ^j_{f} \\ \bmG _{2,ijk} & \equiv (\bpsi ^i_{f})^T \bigl [\bIx \otimes \bDcv \bigr ] \bigl [ \tdiag (\bpsi ^j_{E}) \otimes {\bIv } \bigr ] \bpsi ^k_{f} \\ {\wbg _{0,i}} & \equiv (\bpsi ^i_{f})^T \bigl [{\bDcx } \otimes \bIv \bigr ] \bigl [{\bIx } \otimes \tdiag ({\bv }) \bigr ] {\bff _{\tos }} \\ \wbG _{0,ij} & \equiv (\bpsi ^i_{f})^T \bigl [ \bIx \otimes {\bDv } \bigr ] \bigl [ \tdiag (\bpsi ^j_{E}) \otimes {\bIv } \bigr ] {\bff _{\tos }} \\ {\wbg _{1,i}} & \equiv (\bpsi ^i_{f})^T \bigl [ \bIx \otimes \bDv \bigr ] \bigl [ \tdiag (\bE _\tos ) \otimes \bIv \bigr ] {\bff _{\tos }} \\ \wbG _{2,ij} & \equiv (\bpsi ^i_{f})^T \bigl [ \bIx \otimes \bDv \bigr ] \bigl [ \tdiag (\bE _\tos ) \otimes \bIv \bigr ]\bpsi ^j_{f}.\end {align}
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\begin {align}\begin {cases} \displaystyle \frac {d \hbff }{dt} & = \wbG _1 \hbff + \bmG _2(\hbphi )\hbff + \wbg _0 + \wbG _0\hbphi + \wbg _1 + \wbG _2\hbff \\[8pt] \wbA \hbphi & = \wbg \end {cases} \label {eq:tensorial-rom}.\end {align}
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\begin {equation}\indicator _{\textup {min}} = \indicator _0 < \indicator _1 < \cdots < \indicator _{N^\textup {off}_w -1} < \indicator _{N^\textup {off}_w} = \indicator _{\textup {max}}. \label {Xeqn11-28}\end {equation}
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\begin {equation}\begin {aligned} \mathcal {G}_m = \{ (n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }) \; : \; & 0 \le n \le N_t(\bp ), ~\text {and}~\\ & \indicator (\bff _n(\bp _k), t_n, \bp _k) \in [\indicator _{m-1}, \indicator _m) \}, \end {aligned} \label {eq:group}\end {equation}
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$\bF _{\phi ,m} \equiv \left [ \bphi _n(\bp _k) \right ]_{(n,k) \in \mathcal {G}_m}$
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\begin {equation}0 = T_0(\bp )< T_1(\bp )< \cdots < T_{N_w(\bp )-1}(\bp ) < T_{N_w(\bp )}(\bp ) = t_f(\bp ), \label {Xeqn13-30}\end {equation}
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$t \in \mathcal {T}_j\equiv [T_{j-1}(\bp ) =\indicator _{j-1},~T_j(\bp )=\indicator _{j}]$
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\begin {align}\tbff (t;\bp ) = \bPsi ^m_{f} \hbff ^j(t; \bp ), \quad \tbphi (t;\bp ) = \bPsi ^m_{\phi } \hbphi ^j(t; \bp ),\end {align}
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$\hbff ^j:\mathcal {T}_j \times \mathcal {D} \rightarrow \mathbb {R}^{n_f}$


$\hbphi ^j:\mathcal {T}_j \times \mathcal {D} \rightarrow \mathbb {R}^{n_\phi }$


$\mathcal {T}_j$


\begin {equation}\begin {cases} \displaystyle \frac {d \hbff ^j}{dt} &= \wbG ^m_1 \hbff ^j + \bmG ^m_2(\hbphi ^j)\hbff ^j + \wbg ^m_0 + \wbG ^m_0\hbphi ^j + \wbg ^m_1 + \wbG ^m_2\hbff ^j\\[8pt] \wbA ^m \hbphi ^j & = \wbg ^m \end {cases} \label {eq:TW--ROM}\end {equation}


$\mT _j$


$t= T_{j-1}(\bp )$


$\mT _{j-1}$


$\mT _{j}$


\begin {equation}\hbff ^j(T_{j-1}(\bp ); \bp ) = (\bPsi ^m_f)^T \tbff (T_{j-1}(\bp );\bp ). \label {Xeqn15-33}\end {equation}


$\int E^2~dx$
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$\bp = (\alpha , \vT ) =(0.0025,0.08)$
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$\bp \in \mD $


$\bp = (0.0025,0.08),~(0.0025,0.1),~(0.001,0.08),~\text {and}~(0.001,0.1)$


\begin {equation}\indicator (\bff ,t,\bp ) =\int _{\Omega _x} \bE ^2~dx, \label {Xeqn16-34}\end {equation}
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$N^{\text {off}}_w =5$


\begin {align}\mG _1 & = \{(n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }): 0\le n \le N_t(\bp ) ~\text {and}~ t_n \in [0, ~4) \} \\ \mG _2 & = \{(n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }): 0\le n \le N_t(\bp ), ~ t_n \ge 4~\text {and}~ \indicator (\bff _n(\bp _k),t_n,\bp _k) \le 1\} \\ \mG _3 & = \{(n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }): 0\le n \le N_t(\bp ), ~ \indicator (\bff _n(\bp _k),t_n,\bp _k) > 1~\text {and}\nonumber \\ &\qquad ~\frac {\partial \indicator }{\partial t}(\bff _n(\bp _k),t_n,\bp _k) \ge 0\} \\ \mG _4 & = \{(n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }): 0\le n \le N_t(\bp ), ~ (n,k) \notin \mG _1 \cup \mG _2 \cup \mG _3 ~\text {and}\nonumber \\ &\qquad ~\frac {\partial \indicator }{\partial t}(\bff _n(\bp _k),t_n,\bp _k) \le 0\} \\ \mG _5 & = \{(n,k) \in \mathbb {Z} \times \mathbb {N}(n_{\bp }): 0\le n \le N_t(\bp ), ~\text {and}~(n,k) \notin \mG _1 \cup \mG _2 \cup \mG _3 \cup \mG _4 \}.\end {align}
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$\bp \in \mathcal {D}$


$[0,~t_f]$


\begin {equation}0 = T_0(\bp )< T_1(\bp ) = 4 < T_2(\bp ) < T_{3}(\bp ) < T_{4}(\bp ) < T_{5}(\bp ) = t_f(\bp ). \label {Xeqn17-40}\end {equation}
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$t \in \mathcal {T}_j\equiv [T_{j-1}(\bp ),~T_j(\bp )]$
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take advantage of both the known governing equations and the solution 
data generated from the corresponding FOM simulations to form linear 
subspace reduced order models (LS-ROM). In spite of the success of the 
classical LS-ROMs in many applications, e.g., fluid dynamics [17–23], 
nonlinear diffusion [24], Boltzmann transport [25], design optimiza-
tion [26–29], these approaches are limited to the assumption that the 
intrinsic solution space falls into a subspace with a small dimension, 
that is, the solution space with a Kolmogorov 𝑛-width decays fast. This 
assumption is violated in advection-dominated and advection problems 
[19,30–33], which prevents reduced-order modeling from being practi-
cal. Recently, there have been many attempts to develop efficient ROMs 
for advection-dominated problems, and these can be divided into two 
categories. The first category replaces the linear subspace solution rep-
resentation with a nonlinear manifold [19,34]. The second category en-
hances the solution representability of the linear subspace by introduc-
ing special treatments and adaptive schemes. We note that although the 
nonlinear manifold approach is powerful for advection-dominated prob-
lems, the training of the neural network could be intricate compared to 
linear subspace methods, especially in large-scale problems.

In this paper, we consider the idea of building small and accurate 
reduced-order models by decomposing the solution manifold into sub-
manifolds, which belongs to the second category. These reduced-order 
models are local in the sense that each of them is valid only over a certain 
subset of the parameter-time domain. The appropriate local reduced-
order model is chosen based on representative quantities of the current 
state of the system. The concept of a local reduced-order model is intro-
duced in [35,36], where unsupervised clustering is used for the solution 
manifold decomposition. In [37], the authors used physical time as a so-
lution manifold indicator, and the resulting time-windowing ROM was 
able to achieve good speed-up with accurate approximated solutions in 
various benchmark problems, including Sedov blast, Gresho vortices, 
Taylor–Green vortices, and triple-point problems. In [33], the authors 
considered the penetration speed of a fluid interface as the physical in-
dicator for solution decomposition, and the resulting local ROMs yield 
better approximations than the time-windowing ROMs in the Rayleigh–
Taylor instability. In [38], the authors considered reduced-order mod-
els with dynamic mode decomposition (DMD) and solution manifold 
decomposition and demonstrated the time-windowing DMD is able to 
reproduce the complex pore collapse processes and predict to a certain 
extent. In [39,40], the authors consider the time-windowing approach 
with space-time least-squares Petrov–Galerkin method for model reduc-
tion of dynamical systems. In alignment with the concept of decompos-
ing the solution manifold into submanifolds, in [41], the authors devel-
oped projection-based reduced-order models for the parametric 1D1V 
Vlasov–Poisson equations. However, we note that these ROMs were de-
veloped for the semi-discrete Hamiltonian system resulting from a geo-
metric particle-in-cell approximation. In addition, the ROMs are based 
on the dynamical low-rank approximation where the reduced space 
evolves over time. This approach differs fundamentally from the one 
we are proposing.

Our contribution in this paper is to propose an efficient model order 
reduction scheme for accelerating the kinetic simulations of electrostatic 
plasmas with varying perturbation amplitude and thermal velocity in 
the initial conditions. Similarly to [33], the idea is to construct tempo-
rally local projection-based ROMs that are small but accurate within a 
short period in advection-dominated problems to achieve a good speed-
up and solution accuracy. Despite the temporally local ROMs being 
small, the primary computational expense arises from the nonlinear hy-
perbolic term evaluation in the high-dimensional space. To improve ef-
ficiency, we introduce a tensorial approach for updating this term using 
a precomputed third-order tensor. In this work, we consider the physi-
cal time and the electric field energy as the indicators for the solution 
manifold decomposition and compare the performance in speed-up and 
solution accuracy. Our numerical experiments demonstrate the efficacy 
of the temporally local ROMs compared to the single linear subspace 
ROM. In addition, the electric field energy is a good alternative indicator 

to resolve the deficiency of degenerating solution accuracy with respect 
to perturbation amplitude and thermal velocity in the time-windowing 
approach.

The rest of the paper is organized as follows. In Section 2, we in-
troduce the governing equations and the numerical discretization that 
will be used as the full-order model. Next, a projection-based ROM and 
the tensorial approach, which is used to efficiently update the nonlin-
ear term, are described in Section 3. In Section 4, time-windowing and 
energy-windowing reduced-order models are presented. Numerical re-
sults are presented in Section 5. Finally, conclusions are given in Sec-
tion 6.

2.  Full order model (FOM)

We consider the 1D1V Vlasov–Poisson equation,
𝜕𝑡𝑓 + 𝑣𝜕𝑥𝑓 + 𝐸𝜕𝑣𝑓 = 0 (1)

𝜕2𝑥𝜙 = ∫ 𝑓 𝑑𝑣 − 1
∫ 𝑑𝑥 ∫ ∫ 𝑓 𝑑𝑣 𝑑𝑥, (2)

where 𝑓 (𝑥, 𝑣, 𝑡) is the probability distribution function of electrons, 
𝐸(𝑥, 𝑡) is the electric field, and 𝜙(𝑥, 𝑡) is the self-consistent electrostatic 
potential with 𝐸 = −𝜕𝑥𝜙. 𝑥 and 𝑣 are the spatial coordinate and the ve-
locity, respectively. The second term of the right-hand side in (2) corre-
sponds to ion charge density, which is assumed to be uniform and con-
stant in space and time due to its heavy mass compared to electron. The 
boundary conditions are periodic in the 𝑥-direction and homogeneous 
Dirichlet in the 𝑣-direction. In order to close the system, an initial condi-
tion needs to be imposed. In this work, the initial condition is considered 
in the parametric setting by regarding the perturbation amplitude 𝛼 and 
thermal velocity 𝑣𝑇  as problem parameters, that is, 𝑓 (𝑥, 𝑣, 0; 𝛼, 𝑣𝑇 ) in 
which (𝛼, 𝑣𝑇 ) lies in a parametric domain  ⊂ ℝ2.

The governing Eq.  (1) can be rewritten as a hyperbolic PDE 
𝜕𝑓
𝜕𝑡

+ 𝜕
𝜕𝑥

𝐹 (𝑓 ) + 𝜕
𝜕𝑣

𝐺(𝑓 ) = 0, 𝐹 (𝑓 ) ≡ 𝑣𝑓 , 𝐺(𝑓 ) ≡ 𝐸𝑓. (3)

The spatial derivatives in (3) are discretized using the conservative 
finite-difference formulation [42], which is summarized below for an 
arbitrary function Θ(𝑓 ) in 1D. The 𝑥-derivative 𝜕𝑥Θ at grid point 𝑥𝑖 is 
written as 
𝜕Θ
𝜕𝑥

|

|

|

|𝑖
= 1

Δ𝑥

(

Θ̂𝑖+ 1
2
− Θ̂𝑖− 1

2

)

+ (Δ𝑥𝑝), (4)

where the locations 𝑖 ± 1∕2 denote the cell interfaces of grid cell 𝑖 , 𝑝 is 
the order the spatial discretization, Θ̂ is the numerical approximation to 
the primitive of Θ, and Δ𝑥 is the grid spacing. The upwind flux at the 
interface, Θ̂𝑖± 1

2
, is computed as follows: 

Θ̂𝑖+ 1
2
=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

Θ̂𝐿
𝑖+ 1

2

Θ′
𝑗 > 0,Θ′

𝑗+1 > 0

Θ̂𝑅
𝑖+ 1

2

Θ′
𝑗 < 0,Θ′

𝑗+1 < 0

1
2

[

Θ̂𝐿
𝑖+ 1

2

+ Θ̂𝑅
𝑖+ 1

2

−
(

max
𝑗,𝑗+1

Θ′
)(

𝑓𝑅
𝑖+ 1

2

− 𝑓𝐿
𝑖+ 1

2

)]

otherwise,

(5)

where Θ′ denotes the derivative of Θ(𝑓 ) with respect to 𝑓 . The scalar 
terms Θ𝐿,𝑅

𝑖+ 1
2

 and 𝑓𝐿,𝑅
𝑖+ 1

2

 represent the left- and right-biased approximations 

to Θ(𝑓 ) and 𝑓 at 𝑖 + 1
2 , respectively. They are computed with the 5th-

order weighted essentially nonoscillatory (WENO5) scheme  [42] and 
its linear counterpart (UPWIND5). The algorithm summarized above is 
applied to 𝜕𝑥𝐹 (𝑓 ) and 𝜕𝑣𝐹 (𝑓 ) in (3). The resulting spatially discretized 
ordinary differential equation (ODE) is 
⎧

⎪

⎨

⎪

⎩

𝑑𝒇
𝑑𝑡

+𝑵(𝒇 ) = 𝟎

𝝓 = −1(−𝒌−2 (𝒈(𝒇 ))
)

,
(6)
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where 𝑵(𝒇 ) is a vector represents the hyperbolic term approximated 
by the WENO5/UPWIND5 scheme, and 𝒈(𝒇 ) is the discretization of the 
right-hand side in (2). The solution vector 𝒇 ∈ ℝ𝑁𝑓=𝑛𝑥×𝑛𝑣  comprises the 
distribution function 𝑓(𝑥𝑖, 𝑣𝑗 , 𝑡

) at each grid point 𝑥𝑖, 𝑣𝑗 , where 0 ≤ 𝑖 ≤
𝑛𝑥, 0 ≤ 𝑗 ≤ 𝑛𝑣 and the solution vector 𝝓 ∈ ℝ𝑁𝜙=𝑛𝑥  comprises the poten-
tial function 𝜙(𝑥𝑖, 𝑡) at each grid point 𝑥𝑖, where 0 ≤ 𝑖 ≤ 𝑛𝑥. The ODEs 
are solved using the classical 4th-order, 4-stage explicit Runge–Kutta 
method. In this paper, we only consider simulations that are periodic in 
space; thus, (2) is solved exactly using the Fast Fourier Transform (FFT), 
and  and −1 are the Fourier transform and inverse Fourier transform. 
The FOM is implemented in HyPar [3], an MPI-based C/C++ code for 
hyperbolic and parabolic PDEs, and the FFTW library [43] is used for the 
FFT-based Poisson solve.

3.  Reduced order models (ROMs)

In this section, we present the details of our projection-based re-
duced order model for the semi-discrete 1D1V Vlasov–Poisson equation 
(6). The reduced order model is constructed in the offline phase and 
deployed in the online phase. In what follows, we first discuss the con-
struction of the reduced basis functions and then move on to discuss all 
of the essential ingredients of the reduced order model.

3.1.  Solution bases construction

In the reduced order model, we restrict the solution spaces of 
the probability distribution, potential, and electric fields to subspaces 
spanned by the reduced basis functions. That is, the subspace for the 
probability distribution is defined as
𝑓 ≡ Span{𝝍 𝑖

𝑓 }
𝑛𝑓
𝑖=1 ⊆ ℝ𝑁𝑓 , (7)

with dim(𝑓 ) = 𝑛𝑓 ≪ 𝑁𝑓 . The subspaces for the potential and electric 
fields are defined as
𝜙 ≡ Span{𝝍 𝑖

𝜙}
𝑛𝜙
𝑖=1 ⊂ ℝ𝑁𝜙 , 𝐸 ≡ Span{𝝍 𝑖

𝐸}
𝑛𝜙
𝑖=1 ⊂ ℝ𝑁𝜙 , (8)

with dim(𝜙) = dim(𝐸 ) = 𝑛𝜙 ≪ 𝑁𝜙. Using these subspaces, the discrete 
fields 𝒇 , 𝝓, and 𝑬 are approximated in trial subspaces:
𝒇 ≈ 𝒇 = 𝒇os +𝚿𝑓𝒇 , 𝝓 ≈ 𝝓 = 𝝓os +𝚿𝜙𝝓, 𝑬 ≈ 𝑬 = 𝑬os +𝚿𝐸𝝓, (9)

where 𝒇os ∈ ℝ𝑁𝑓 , 𝝓os ∈ ℝ𝑁𝜙 , and 𝑬os ∈ ℝ𝑁𝜙  denote the prescribed off-
set vector for the distribution, potential, and electric fields, respec-
tively. The orthonormal basis matrices 𝚿𝑓 ∈ ℝ𝑁𝑓×𝑛𝑓 , 𝚿𝜙 ∈ ℝ𝑁𝜙×𝑛𝜙 , and 
𝚿𝐸 ∈ ℝ𝑁𝜙×𝑛𝜙  are defined as

𝚿𝑓 ≡
[

𝝍1
𝑓 𝝍2

𝑓 ⋯ 𝝍𝑛𝑓
𝑓

]

, 𝚿𝜙 ≡
[

𝝍1
𝜙 𝝍2

𝜙 ⋯ 𝝍𝑛𝜙
𝜙

]

, (10)

𝚿𝐸 ≡
[

𝝍1
𝐸 𝝍2

𝐸 ⋯ 𝝍𝑛𝜙
𝐸

]

,

and 𝒇 ∶ [0, 𝑡𝑓 ] → ℝ𝑛𝑓  and 𝝓 ∶ [0, 𝑡𝑓 ] → ℝ𝑛𝜙  denote the time-dependent 
generalized coordinates of the distribution and the potential, respec-
tively.

We consider proper orthogonal decomposition (POD) [44] to con-
struct the reduced basis matrix 𝚿𝑓  for the distribution from a truncated 
singular value decomposition (SVD) approximation to the FOM distri-
bution snapshot matrix. We collect the solution data by running FOM 
simulations on a set of problem parameters, namely {𝒑𝑘 = (𝛼𝑘, 𝑣𝑇 ,𝑘)}

𝑛𝑝
𝑘=1. 

In this paper, we consider the same final time 𝑡𝑓  and the number of time 
steps 𝑁𝑡 for all the problem parameters in the FOM simulation. A solu-
tion snapshot matrix is formed by assembling all the FOM solution data, 
that is,1

𝑭 ≡
[

𝒇1(𝒑1) ⋯ 𝒇𝑁𝑡
(𝒑1) ⋯ 𝒇1(𝒑𝑛𝑝 ) ⋯ 𝒇𝑁𝑡

(𝒑𝑛𝑝 )
]

∈ ℝ𝑁𝑓×𝐾 ,

(11)

1 We note that the boldface 𝑭  denotes snapshot matrix and is different from 
𝐹  in (3), which is denoted as the flux.

where 𝒇𝑛(𝒑𝑘) is the distribution state at the 𝑛th time step with problem 
parameter 𝒑𝑘 for 𝑛 ∈ ℕ(𝑁𝑡) computed from the FOM simulation and 𝐾 =
∑𝑛𝑝

𝑘=1 𝑁𝑡. Then, POD computes its thin SVD,

𝑭 = 𝑼𝚺𝑽 𝑇 ,

where 𝑼 ∈ ℝ𝑁𝑓×𝐾 and 𝑽 = ℝ𝐾×𝐾 are orthogonal matrices, and 𝚺 ∈
ℝ𝐾×𝐾 is the diagonal singular value matrix. The basis matrix 𝚿𝑓 =
[

𝒖1 … 𝒖𝑛𝑓
]

 is set to be the leading 𝑛𝑓  columns of 𝑼 . The basis size, 
𝑛𝑓 , is determined by the energy criteria, that is, we find the minimum 
𝑛𝑓 ∈ ℕ(𝐾) such that the following condition is satisfied:

𝛿𝜎 ≥ 1 −
∑𝑛𝑓

𝑖=1 𝜎𝑖
∑𝐾

𝑖=1 𝜎𝑖
, (12)

where 𝜎𝑖 is the 𝑖-th largest singular value in the singular matrix, 𝚺, and 
𝛿𝜎 ∈ [0, 1] is the energy missing ratio. The POD procedure seeks the op-
timal 𝑛𝑓 -dimensional subspace by minimizing ‖𝑭 −𝚿𝑓𝚿𝑇

𝑓𝑭‖
2
𝐹  in the 

Frobenius norm over all 𝚿𝑓 ∈ ℝ𝑁𝑓×𝐾 with orthonormal columns. One 
could also seek the optimal subspace in terms of the 𝐿2 and 𝐻1

0  norms 
[22,23,45].

We note that there are two approaches to construct the potential re-
duced basis matrix 𝚿𝜙. In the first approach, we collect the solution data 
on a set of problem parameters {𝒑𝑘 = (𝛼𝑘, 𝑣𝑇 ,𝑘)}

𝑛𝑝
𝑘=1 and form a solution 

snapshot matrix,

𝑭𝜙 ≡
[

𝝓1(𝒑1) ⋯ 𝝓𝑁𝑡
(𝒑1) ⋯ 𝝓1(𝒑𝑛𝑝 ) ⋯ 𝝓𝑁𝑡

(𝒑𝑛𝑝 )
]

∈ ℝ𝑁𝜙×𝐾 , (13)

where 𝝓𝑛(𝒑𝑘) is the potential state at the 𝑛th time step with problem 
parameter 𝒑𝑘 for 𝑛 ∈ ℕ(𝑁𝑡) computed from the FOM simulation and 𝐾 =
∑𝑛𝑝

𝑘=1 𝑁𝑡. Then, POD computes the thin SVD of 𝑭𝜙, and the basis matrix 
𝚿𝜙 is set to be the leading 𝑛𝜙 columns of the left singular matrix. The 
basis size, 𝑛𝜙, is determined similarly as in the distribution using (12).

In the second approach, the prescribed offset vector 𝝓os and the re-
duced basis matrix 𝚿𝜙 are constructed by solving Poisson problems us-
ing FFT with the prescribed offset vector 𝒇os and the distribution re-
duced basis functions 𝝍 𝑖

𝑓 , that is,

𝝓os = −−1(𝒌−2 (𝒈(𝒇os))), 𝝍 𝑖
𝜙 = −−1(𝒌−2 (𝒈(𝝍 𝑖

𝑓 ))), ∀ 𝑖 = 1,… , 𝑛𝑓 ,

(14)

where 𝒌−2 is a vector containing the inverse of the squares of wavenum-
bers. In this approach, the potential reduced basis function 𝝍 𝑖

𝜙 is ex-
plicitly related to the distribution reduced basis function 𝝍 𝑖

𝑓  through 
the Poisson problem. However, unlike in the first approach, 𝚿𝜙 is not 
necessarily orthonormal.

Remark 1.  If the potential reduced space is built using the second ap-
proach, one does not have to solve a reduced Poisson problem to obtain 
the generalized coordinate of the potential 𝝓 because 𝝓 = 𝒇 in this case. 
In addition, the dimension of the potential subspace is the same as the 
dimension of the distribution subspace, that is, 𝑛𝜙 = 𝑛𝑓 . 

For the electric field, the prescribed offset vector 𝑬os and the reduced 
basis matrix

𝚿𝐸 =
[

𝝍1
𝐸 𝝍2

𝐸 ⋯ 𝝍𝑛𝜙
𝐸

]

(15)

are constructed with the relation 𝐸 = −∇𝜙, that is,

𝑬os = −1(−𝒊𝒌 (𝝓os)), 𝝍 𝑖
𝐸 = −1(−𝒊𝒌 (𝝍 𝑖

𝜙)), ∀ 𝑖 = 0,… , 𝑛𝜙. (16)

with the gradient computed using FFT.
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3.2.  Projection-based ROM

With the solution bases introduced in the previous section and 
Galerkin projection, the reduced system of (6) is written as:2

⎧

⎪

⎨

⎪

⎩

𝑑𝒇
𝑑𝑡

= 𝚿𝑇
𝑓𝑵(𝒇os +𝚿𝑓𝒇 )

𝑨𝝓 = 𝒈,
(17)

where the reduced Poisson operator 𝑨 ∈ ℝ𝑛𝜙×𝑛𝜙  and the reduced right-
handed side vector ̂𝒈 ∈ ℝ𝑛𝜙  are defined as:
𝑨𝑖𝑗 ≡ (𝝍 𝑖

𝜙)
𝑇−1(−𝒌2 (𝝍 𝑗

𝜙)), and

𝒈𝑖 ≡ (𝝍 𝑖
𝜙)

𝑇
[

−1(𝒌2 (𝝓os)) + 𝒈(𝒇os +𝚿𝑓𝒇 )
]

, (18)

with 𝒈(𝒇 ) being the discretization of the right-hand side in (2). We note 
that FFT is used to compute the second order derivative of the potential 
reduced basis functions 𝝍 𝑗

𝜙 for constructing 𝑨 and 𝒌2 is a vector con-
taining the squares of wavenumbers. In what follows, we refer (17) to 
the projection-based ROM.

3.3.  Tensorial evaluation of nonlinear terms

Although the projection-based ROM (17) is a system of ODEs with 
𝑛𝑓 ≪ 𝑁𝑓  unknowns, the cost for evaluating the right-handed side of 
(17) scales with the FOM size, 𝑁𝑓 , because it requires reconstructing the 
distribution field by multiplying the generalized coordinates 𝒇 with the 
basis matrix 𝚿𝑓 , computing 𝑵(𝒇os +𝚿𝑓𝒇 ) vector and projecting onto 
the reduced space 𝑓 . Therefore, we cannot expect any speed-up with 
the projection-based ROM without special treatment of the nonlinear 
term.

To overcome this issue, we introduce a tensorial approach to ef-
ficiently update the nonlinear term, which utilizes the tensor-product 
representation of the nonlinear function, 𝑵 , 

𝑵(𝒇 ) =
(

[𝑫𝑐,𝑥 ⊗ 𝑰𝑣]
[

𝑰𝑥 ⊗ diag(𝒗)
]

+ [𝑰𝑥 ⊗𝑫𝑐,𝑣]
[

diag(𝑬)⊗ 𝑰𝑣
]

)

𝒇 , (19)

where 𝑫𝑐,𝑥 and 𝑫𝑐,𝑣 are the 1D conservative finite-difference operators 
correspond to (4)–(5) in 𝑥 and 𝑣, respectively. diag(𝒗) and diag(𝑬) are 
the diagonal matrices with 𝒗 and 𝑬 values in the diagonal, and ⊗ de-
notes the Kronecker product between two matrices.

With (19) and approximating 𝑬 with 𝑬 (9), the nonlinear term in 
(17) can be approximated as

𝚿𝑇
𝑓𝑵(𝒇os +𝚿𝑓𝒇 ) = 𝚿𝑇

𝑓

(

[𝑫𝑐,𝑥 ⊗ 𝑰𝑣]
[

𝑰𝑥 ⊗ diag(𝒗)
]

+[𝑰𝑥 ⊗𝑫𝑐,𝑣][diag(𝑬os +
𝑛𝜙
∑

𝑖=1
𝝓𝑖𝝍 𝑖

𝐸 )⊗ 𝑰𝑣]
)

(

𝒇os +𝚿𝑓𝒇
)

≈ 𝚿𝑇
𝑓

(

[𝑫𝑐,𝑥 ⊗ 𝑰𝑣]
[

𝑰𝑥 ⊗ diag(𝒗)
]

+ [𝑰𝑥 ⊗𝑫𝑐,𝑣]
[

diag(𝑬os)⊗ 𝑰𝑣
]

)

×
(

𝒇os +𝚿𝑓𝒇
)

+𝚿𝑇
𝑓

(

[𝑰𝑥 ⊗𝑫𝑐,𝑣]
𝑛𝜙
∑

𝑖=1
𝝓𝑖[diag(𝝍 𝑖

𝐸 )⊗ 𝑰𝑣
]

)

(

𝒇os +𝚿𝑓𝒇
)

≈ 𝑮1𝒇 + ̂2(𝝓)𝒇 + 𝒈0 +𝑮0𝝓 + 𝒈1 +𝑮2𝒇 . (20)

The vectors ̂𝒈0 ∈ ℝ𝑛𝑓 , ̂𝒈1 ∈ ℝ𝑛𝑓 , the matrices 𝑮0 ∈ ℝ𝑛𝑓×𝑛𝜙 , 𝑮1 ∈ ℝ𝑛𝑓×𝑛𝑓 , 
𝑮2 ∈ ℝ𝑛𝑓×𝑛𝑓  and the tensor ̂2 ∈ ℝ𝑛𝑓×𝑛𝑓×𝑛𝜙  can be precomputed in the 
offline and are defined as:
𝑮1,𝑖𝑗 ≡ (𝝍 𝑖

𝑓 )
𝑇 [𝑫𝑐,𝑥 ⊗ 𝑰𝑣

][

𝑰𝑥 ⊗ diag(𝒗)
]

𝝍 𝑗
𝑓 (21)

̂2,𝑖𝑗𝑘 ≡ (𝝍 𝑖
𝑓 )

𝑇 [𝑰𝑥 ⊗𝑫𝑐,𝑣
][

diag(𝝍 𝑗
𝐸 )⊗ 𝑰𝑣

]

𝝍𝑘
𝑓 (22)

𝒈0,𝑖 ≡ (𝝍 𝑖
𝑓 )

𝑇 [𝑫𝑐,𝑥 ⊗ 𝑰𝑣
][

𝑰𝑥 ⊗ diag(𝒗)
]

𝒇os (23)

2 We note that because the reduced basis functions are orthonormal, the re-
duced mass matrix 𝚿𝑇

𝑓𝚿𝑓  is an identity matrix.

𝑮0,𝑖𝑗 ≡ (𝝍 𝑖
𝑓 )

𝑇 [𝑰𝑥 ⊗𝑫𝑣
][

diag(𝝍 𝑗
𝐸 )⊗ 𝑰𝑣

]

𝒇os (24)

𝒈1,𝑖 ≡ (𝝍 𝑖
𝑓 )

𝑇 [𝑰𝑥 ⊗𝑫𝑣
][

diag(𝑬os)⊗ 𝑰𝑣
]

𝒇os (25)

𝑮2,𝑖𝑗 ≡ (𝝍 𝑖
𝑓 )

𝑇 [𝑰𝑥 ⊗𝑫𝑣
][

diag(𝑬os)⊗ 𝑰𝑣
]

𝝍 𝑗
𝑓 . (26)

We note that, in addition to the reduced basis approximation to the elec-
tric field, there is another approximation in (20) due to the nonlinear 
operators 𝑫𝑐,𝑥 and 𝑫𝑐,𝑣. These 1D conservative finite-difference opera-
tors are nonlinear because the WENO/Upwind scheme is used to evalu-
ate the left- and right-biased approximations of the flux at the interface. 
The tensorial ROM is defined to be the following system of ODEs, 
⎧

⎪

⎨

⎪

⎩

𝑑𝒇
𝑑𝑡

= 𝑮1𝒇 + ̂2(𝝓)𝒇 + 𝒈0 +𝑮0𝝓 + 𝒈1 +𝑮2𝒇

𝑨𝝓 = 𝒈
. (27)

Remark 2.  The cost for solving the tensorial ROM (27) is independent 
of the FOM degrees of freedoms 𝑁𝑓  and scales as the cost of tensor 
contraction (𝑛2𝑓 𝑛𝜙). 

4.  Indicator-based decomposition of solution manifold

Although the cost for solving the tensorial ROM introduced in Sec-
tion 3 is independent of the FOM degrees of freedoms, the advection-
dominated nature of the solution of the simulation of Vlasov–Poisson 
equations requires large reduced space dimensions in order for ROMs to 
be accurate. For example, in the two-stream instability problem, there 
are three stages of the solutions, that is, short transient, growth, and 
statistically stationary. As a result, the linear dependence among the 
snapshots is weak, and therefore there is no intrinsic low-dimensional 
subspace that can approximate the solution manifold comprised of all 
the solutions over the temporal domain. In addition, the cost of solv-
ing the tensorial ROM scales like (𝑛2𝑓 𝑛𝜙) due to the tensor contraction 
cost per time step. Hence, it is impossible for the reduced-order model 
approach to achieve any meaningful speed-up and good accuracy.

To overcome these difficulties, we consider employing multiple 
reduced-order models in time. The idea of the methodology is to con-
struct local ROMs in the parameter-time domain using a suitable indi-
cator for clustering and classification [33,37]. In the offline phase, we 
construct each of these ROMs from a small subset of the snapshot sam-
ples to ensure low dimension. In the online phase, each of these ROMs 
is used in a certain subset of the parameter-time domain where they 
are supposed to provide a good approximation. The idea is to decom-
pose the solution manifold into submanifolds where the Kolmogorov 𝑛-
width decays fast with respect to the subspace dimension. This enables 
us to build accurate multiple low-dimensional subspaces. We note that 
the methodology is not limited to the 1D1V Vlasov–Poisson equations 
and has been applied to the Euler equations [33] and the Navier–Stokes 
equations [40]. In addition, the framework is not restricted to the ten-
sorial ROM (27) and can be applied to other ROMs, e.g., DMD-based 
ROM.

We consider two indicators for decomposition, namely, the physical 
time and the electric field energy. We note that evaluating both indica-
tors does not lower the speed-up of the overall ROM simulation in the 
online stage because the costs of the indicator evaluation do not involve 
operations that scale with FOM.

4.1.  Time-windowing: Decomposition by physical time

A very natural choice of indicator is the physical time, that is, 
Ξ(𝒇 , 𝑡,𝒑) = 𝑡, where Ξ ∶ ℝ𝑁𝑓 ×ℝ+ × → ℝ is a function that maps the 
triplet (𝒇 , 𝑡,𝒑) to a real value. In the following, we describe the frame-
work of the physical-time decomposition of the solution manifold.

To begin with, the range of the indicator [Ξmin,Ξmax), is partitioned 
into 𝑁off

𝑤  subintervals, namely,
Ξmin = Ξ0 < Ξ1 < ⋯ < Ξ𝑁off

𝑤 −1 < Ξ𝑁off
𝑤

= Ξmax. (28)
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This partitioning can be either prescribed or determined by the snapshot 
data collected in the offline phase. With the partitioning of the indicator 
range, instead of directly assembling all the snapshot samples into a 
single huge snapshot matrix (11), the FOM states are first classified into 
groups. Let 𝑚 ∈ ℕ(𝑁off

𝑤 ) be a group of indices. We denote the subset of 
paired indices of time and the offline parameter whose corresponding 
snapshot belongs to the 𝑚-th group as
𝑚 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑), and

Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) ∈ [Ξ𝑚−1,Ξ𝑚)},
(29)

where 𝑁𝑡(𝒑) is the number of time steps used in the FOM simulation for 
parameter 𝒑, and the final time 𝑡𝑓 = 𝑡𝑁𝑡(𝒑) is considered to be uniform 
over the parameter domain . Then the distribution snapshot matrix 𝑭𝑚
in the 𝑚-th group is formed by assembling the corresponding snapshots, 
that is, 𝑭𝑚 ≡

[

𝒇𝑛(𝒑𝑘)
]

(𝑛,𝑘)∈𝑚
 and POD is used to construct the distribu-

tion solution basis matrix 𝚿𝑚
𝑓  as described in Section 3.1. We note that 

the 𝑚-th group 𝑚 is also used to form the potential snapshot matrix 
𝑭𝜙,𝑚, that is 𝑭𝜙,𝑚 ≡

[

𝝓𝑛(𝒑𝑘)
]

(𝑛,𝑘)∈𝑚
.

For a generic problem parameter 𝒑 ∈ , the computation in the on-
line phase is performed using different reduced bases in 𝑁𝑤 subintervals 
of the temporal domain [0, 𝑡𝑓 ], that is,
0 = 𝑇0(𝒑) < 𝑇1(𝒑) < ⋯ < 𝑇𝑁𝑤(𝒑)−1(𝒑) < 𝑇𝑁𝑤(𝒑)(𝒑) = 𝑡𝑓 (𝒑), (30)

with {𝑇𝑗 (𝒑)}𝑁𝑤(𝒑)−1
𝑗=1  being the partition of the temporal domain deter-

mined by the indicator Ξ. In general, the temporal domain partition is 
parameter-dependent, that is, the number of subintervals 𝑁𝑤(𝒑) and the 
end-point of each subinterval {𝑇𝑗 (𝒑)}𝑁𝑤(𝒑)

𝑗=1  depend on the problem pa-
rameter 𝒑, and they are assigned by the indicator Ξ iteratively in the 
ROM online stage. We note that in the case of the physical time indi-
cator, the temporal domain partition is parameter-independent, and for 
any problem parameter 𝒑 ∈ , we have 𝑇𝑗 (𝒑) = Ξ𝑗 for all 1 ≤ 𝑗 ≤ 𝑁𝑤(𝒑). 
In addition, 𝑁𝑤(𝒑) = 𝑁off

𝑤  because the final time is uniform over the 
parameter domain . We note that this choice reduces to the time-
windowing (TW) reduced-order model approach in [37].

Therefore, for 𝑡 ∈ 𝑗 ≡ [𝑇𝑗−1(𝒑) = Ξ𝑗−1, 𝑇𝑗 (𝒑) = Ξ𝑗 ], we employ the 
reduced bases constructed from the snapshot group 𝑚. More precisely, 
we use the solution representation 
𝒇 (𝑡;𝒑) = 𝚿𝑚

𝑓 𝒇
𝑗 (𝑡;𝒑), 𝝓(𝑡;𝒑) = 𝚿𝑚

𝜙𝝓
𝑗 (𝑡;𝒑), (31)

where 𝚿𝑚
𝑓  and 𝚿𝑚

𝜙 are distribution and potential solution basis matrices 
constructed using POD from 𝑭𝑚 and 𝑭𝜙,𝑚, respectively. 𝒇 𝑗 ∶ 𝑗 × →

ℝ𝑛𝑓  and 𝝓𝑗 ∶ 𝑗 × → ℝ𝑛𝜙  are the time-dependent generalized coordi-
nates for the distribution and potential fields in the time interval 𝑗 , 
respectively. Following the same derivation in Section 3.3, we obtain 
the time-windowing ROM (TW-ROM), where
⎧

⎪

⎨

⎪

⎩

𝑑𝒇 𝑗

𝑑𝑡
= 𝑮𝑚

1 𝒇
𝑗 + ̂

𝑚
2 (𝝓

𝑗 )𝒇 𝑗 + 𝒈𝑚0 +𝑮𝑚
0 𝝓

𝑗 + 𝒈𝑚1 +𝑮𝑚
2 𝒇

𝑗

𝑨𝑚𝝓𝑗 = 𝒈𝑚
(32)

is a tensorial ROM for the time interval 𝑗 and the initial condition is 
given by projecting the solution at 𝑡 = 𝑇𝑗−1(𝒑) in the time interval 𝑗−1
onto the reduced space for 𝑗 , that is,
𝒇 𝑗 (𝑇𝑗−1(𝒑);𝒑) = (𝚿𝑚

𝑓 )
𝑇 𝒇 (𝑇𝑗−1(𝒑);𝒑). (33)

4.2.  Energy-windowing: Decomposition by electric field energy

The evolution of the electric field energy ∫ 𝐸2 𝑑𝑥 for two-stream 
instability (Section 5.3) is shown in Fig. 1 for four parameters 𝒑 ∈
, namely 𝒑 = (0.0025, 0.08), (0.0025, 0.1), (0.001, 0.08), and (0.001, 0.1). 
The results indicate that there are three stages of the solutions, 
namely, short transient, growth, and statistically stationary stages. The 
short transient stage and the beginning time of the growth stage are 
parameter-independent. However, the end time of the growth stage is
parameter-dependent. With the physical time indicator, the temporal 

domain partition is parameter-independent, which could lead to having 
snapshot samples that are very different but in the same group [33], and 
prevent the linear subspace method from being effective and limit the 
speed-up.

To improve the classification of snapshots in the growth and statisti-
cally stationary stages for different parameters, and further reduce the 
size of the solution basis, we propose to use the electric field energy, 
which characterizes the solutions of the Vlasov–Poisson equations, as 
an indicator to decompose the solution manifolds in those two stages. 
The electric field energy indicator is defined as

Ξ(𝒇 , 𝑡,𝒑) = ∫Ω𝑥

𝑬2 𝑑𝑥, (34)

where 𝑬 is the electric field solution associated with the distribution 
solution 𝒇 at time 𝑡 and parameter 𝒑.

With the electric field energy indicator, the temporal domain is par-
titioned into 𝑁off

𝑤 = 5 subintervals. In the offline stage, the FOM states 
are classified into our five groups defined below:
1 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑) and 𝑡𝑛 ∈ [0, 4)} (35)

2 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑), 𝑡𝑛 ≥ 4 and Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) ≤ 1}
(36)

3 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑), Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) > 1 and
𝜕Ξ
𝜕𝑡

(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) ≥ 0} (37)

4 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑), (𝑛, 𝑘) ∉ 1 ∪ 2 ∪ 3 and
𝜕Ξ
𝜕𝑡

(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) ≤ 0} (38)

5 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝒑) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡(𝒑), and (𝑛, 𝑘) ∉ 1 ∪ 2 ∪ 3 ∪ 4}.
(39)

Then the snapshot matrices 𝑭𝑚 and 𝑭𝜙,𝑚 in the 𝑚-th group are formed by 
assembling the corresponding snapshots and POD is used to construct 
the reduced basis matrices 𝚿𝑚

𝑓  and 𝚿𝑚
𝜙 .

For a generic problem parameter 𝒑 ∈ , the computation in the on-
line phase is performed using different reduced bases in the five subin-
tervals of the temporal domain [0, 𝑡𝑓 ], that is,
0 = 𝑇0(𝒑) < 𝑇1(𝒑) = 4 < 𝑇2(𝒑) < 𝑇3(𝒑) < 𝑇4(𝒑) < 𝑇5(𝒑) = 𝑡𝑓 (𝒑). (40)

We note that the temporal domain partition is parameter-dependent be-
cause the end-points 𝑇2(𝒑), 𝑇3(𝒑) and 𝑇4(𝒑) are determined by the electric 
field energy indicator and are assigned by the indicator iteratively in the 
ROM online stage.

Therefore, for 𝑡 ∈ 𝑗 ≡ [𝑇𝑗−1(𝒑), 𝑇𝑗 (𝒑)], we employ the reduced bases 
constructed from the snapshot group 𝑚 and follow the same derivation 
in Section 3.3, we obtain the energy-windowing ROM (EW-ROM), where
⎧

⎪

⎨

⎪

⎩

𝑑𝒇 𝑗

𝑑𝑡
= 𝑮𝑚

1 𝒇
𝑗 + ̂

𝑚
2 (𝝓

𝑗 )𝒇 𝑗 + 𝒈𝑚0 +𝑮𝑚
0 𝝓

𝑗 + 𝒈𝑚1 +𝑮𝑚
2 𝒇

𝑗

𝑨𝑚𝝓𝑗 = 𝒈𝑚
(41)

is a tensorial ROM for the time interval 𝑗 and the initial condition is 
given by projecting the solution at 𝑡 = 𝑇𝑗−1(𝒑) in the time interval 𝑗−1
onto the reduced space for 𝑗 , that is,

𝒇 𝑗 (𝑇𝑗−1(𝒑);𝒑) = (𝚿𝑚
𝑓 )

𝑇 𝒇 (𝑇𝑗−1(𝒑);𝒑). (42)

Fig. 2 illustrates the classification of snapshot samples using two differ-
ent indicators: physical time (left) and electric field energy (right). Each 
panel shows twelve snapshots of the distribution variable, collected from 
four time instances and three problem parameters. When physical time 
is used as the indicator, and with a sufficiently fine partition of its range, 
that is, the temporal domain, each of the twelve snapshots belongs to 
one of four different groups where the samples in each group are sur-
rounded by a box with the same color, namely dark gray, green, pink, 
and orange. However, due to variations in the parameter 𝒑, some simula-
tions reach the growth stage much earlier or later than others, leading to 
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Fig. 1. Two-stream instability. The behavior of the FOM electric field energy ∫ 𝐸2 𝑑𝑥 in time for parameters 𝒑 = (𝛼, 𝑣𝑇 ) = (0.0025, 0.08), (0.0025, 0.1), (0.001, 0.08), 
and (0.001, 0.1).

Fig. 2. An illustrative example to explain the mechanism of decomposition of solution manifold using the physical time and the electric field energy as indicator. 
The samples in each group are surrounded by a box with the same color, namely dark gray, green, pink, and orange. Groups classified using the electric field energy 
have strong linear dependence. (For interpretation of the references to colour in this figure, the reader is referred to the web version of this article.)

significantly different solution structures being grouped together. This 
weakens the linear dependence among snapshots within a group, mak-
ing it difficult to construct a low-dimensional linear subspace reduced 
basis and limiting the speed-up. In contrast, the electric field energy is 
strongly correlated with the solution’s dynamical stage. Using it as the 
indicator can effectively classify snapshots. For example, grouping to-
gether solutions in the growth stage, even when they occur at different 
time instances, due to variations in the problem parameter. This leads 
to groups whose snapshots exhibit much stronger linear dependence.

5.  Numerical results

In this section, we present numerical results to test the performance 
of our proposed method applied to three benchmark problems of the 
1D1V Vlasov–Poisson equations. All the simulations in this section use 
Intel Sapphire CPUs on the machine Dane in the Livermore Computing 
Center,3 with 256 GB memory and peak TFLOPS (CPUs) of 10, 723.

To evaluate the ROM performance, we consider the relative error 
between the FOM and the ROM distribution field at the final time 𝑡𝑓 , 

3 High-performance computing at LLNL, https://hpc.llnl.gov/hardware/
compute-platforms/dane

which is defined as: 

𝜖𝑓,𝑡𝑓 ∶=
‖𝒇 − 𝒇‖2
‖𝒇‖2

. (43)

The speed-up of each ROM simulation is measured by dividing the wall-
clock time for the FOM time loop by the wall-clock time for the corre-
sponding ROM time loop.

5.1.  2D (1D1V) Vlasov equation - Prescribed 𝐸-field

We first consider a model problem in which the effects of the self-
consistent electric field 𝐸 are negligible compared to the ones caused by 
an external electric field 𝐸prescribed(𝑥) = 𝛼 cos(𝑥), which is independent 
of time and periodic in the 𝑥-direction. The initial solution is: 

𝑓 (𝑥, 𝑣) = [1 + 𝛼 cos (𝑥)] exp

[

−1
2

(

𝑣
𝑣𝑇

)2
]

, (44)

where the perturbation amplitude 𝛼 and the thermal velocity 𝑣𝑇  are 
fixed to 0.1 and 1, respectively. The computational domain is (𝑥, 𝑣) ∈
Ω ∶= [0, 2𝜋] × [−6𝑣𝑇 , 6𝑣𝑇 ] with periodic boundary condition in the 𝑥-
direction and homogeneous Dirichlet in the 𝑣 direction. The FOM has 
𝑁𝑓 = 128 × 128 = 16384 degrees of freedoms and is simulated in the time 
interval 𝑇interval = (0, 𝑡𝑓 ], with 𝑡𝑓 = 130 and Δ𝑡 = 0.005.

Computer Physics Communications 322 (2026) 110039 

6 

https://hpc.llnl.gov/hardware/compute-platforms/dane
https://hpc.llnl.gov/hardware/compute-platforms/dane


P.-H. Tsai, S.W. Chung, D. Ghosh et al.

Fig. 3. Prescribed electric field case. The behavior of 1 −∑𝑛𝑓
𝑖=1 𝜎𝑖∕

∑𝐾
𝑖=1 𝜎𝑖 as a function of the reduced space dimension 𝑛𝑓 .

Fig. 4. Prescribed electric field case. The behavior of the relative error in the distribution field at the final time 𝑡𝑓 , 𝜖𝑓,𝑡𝑓  with respect to energy missing ratio 𝛿𝜎 .

We consider the reproduction problem, where the ROM is tested at 
the same parameter 𝒑 and time interval 𝑇interval as of the FOM. The 
reduced basis matrix 𝚿𝑓  is built using 𝐾 = 2600 snapshots collected in 
the time interval 𝑇interval and further used to construct the projection-
based ROM (17).

Remark 3.  For this model problem, the tensorial ROM (27) is not 
required because the prescribed electric field 𝐸prescribed(𝑥) = 𝛼 cos (𝑥) is 
independent of the solution; therefore, the equation is linear. 

The reducibility of the problem is studied by computing singular 
values of the snapshots matrix 𝑭 ∈ ℝ𝑁𝑓×𝐾 . In Fig. 3, the behavior of 
1 −

∑𝑛𝑓
𝑖=1 𝜎𝑖∕

∑𝐾
𝑖=1 𝜎𝑖 with respect to the reduced space dimension 𝑛𝑓  is 

shown with three energy missing ratio values, that is, 𝛿𝜎 = 10−2, 10−3

and 10−4, represented by the red dashed line. Using (12), we find that 
𝑛𝑓 = 24 reduced basis functions are able to capture 99% of the en-
ergy in the snapshots (i.e., 𝛿𝜎 = 10−2), indicating that the global lin-
ear subspace can effectively represent the solutions in the time interval 
𝑇interval = (0, 130].

Fig. 4 shows the relative error in the distribution field at the final 
time 𝑡𝑓 , 𝜖𝑓,𝑡𝑓 , of the projection-based ROM with various energy missing 
ratio 𝛿𝜎 . The results show that 𝜖𝑓,𝑡𝑓  decreases as 𝛿𝜎 decreases and is able 
to reach to 10−6 with 𝛿𝜎 = 10−6. We note that already with 𝛿𝜎 = 10−2, 
the projection-based ROM achieves an error of 0.2%. The reconstructed 
solution at the final time 𝑡𝑓 = 130, together with the corresponding FOM 
solution, is shown in Fig. 5. The ROM CPU time is 3.401 s, compared to 
34.19 s for the FOM, yielding a speed-up of 10.

5.2.  2D (1D1V) Vlasov–Poisson equation - Landau damping

We consider the Landau damping [46] case, which is a model prob-
lem used to study the damped propagation of small amplitude plasma 
waves. Landau damping plays a significant role in plasma physics and 
can be applied to study and control the stability of charged beams in 

particle accelerators. The initial condition is 

𝑓 (𝑥, 𝑣) = 1
√

2𝜋𝑣2𝑇

exp

[

−1
2

(

𝑣
𝑣𝑇

)2
]

[1 + 𝛼 cos(𝑘𝑥)] = 𝑓0(𝑣) + 𝛼 cos(𝑘𝑥)𝑓0(𝑣),

(45)

where the perturbation wavenumber 𝑘 is fixed to 1 and the perturbation 
amplitude 𝛼 and the thermal velocity 𝑣𝑇  are the study parameters 𝒑 =
(𝛼, 𝑣𝑇 ) ∈  = [0.01, 0.03] × [0.8, 1]. We consider an offset 𝑓os(𝑣) for the 
ROM, which is defined as

𝑓os(𝑣) = 𝑓0(𝑣) =
1

√

2𝜋𝑣2𝑇

exp

[

−1
2

(

𝑣
𝑣𝑇

)2
]

. (46)

Because of the choice of offset for the distribution field, the offset for 
the potential and electric fields, 𝝓os and 𝑬os are zero vectors.

We consider the computational domain (𝑥, 𝑣) ∈ Ω ∶= [0, 2𝜋∕𝑘] ×
[−10, 10] with periodic boundaries in the 𝑥-direction and homogeneous 
Dirichlet boundaries in the 𝑣-direction. The FOM has 𝑁𝑓 = 128 × 128 =
16384 degrees of freedoms. A uniform time step Δ𝑡 = 0.005 is used for the 
evolution of the particle’s distribution over the time interval 𝑇interval =
(0, 𝑡𝑓 ] with 𝑡𝑓 = 15. The centered FOM distribution fields 𝒇 − 𝒇os with 
𝒑 = (0.03, 0.8) at time 𝑡 = 0, 5, 10 and 15 are shown in Fig. 6.

5.2.1.  Reproduction problem
We consider reproduction problems at 𝒑 = (0.01, 1) and 𝒑 =

(0.03, 0.8), which correspond to the simplest and the most challenging 
cases in the parameter space . In each reproduction problem, the sin-
gle ROM (27) is constructed by performing POD on 𝐾 = 3000 snapshots 
collected in the time interval 𝑇interval. For the TW-ROM (32), the range 
of the physical time indicator [Ξmin = 0, Ξmax = 15) is partitioned uni-
formly into 𝑁𝑤 subintervals. 𝐾 = 3000 snapshots are then classified into 
groups based on the partition of the indicator range. We remark that 
when 𝑛𝑝 = 1, according to (29), the 𝑗-th group is 
𝑗 = {(𝑛, 1) ∈ ℤ × {1} ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡 and 𝑡𝑛 ∈ [Ξ𝑗−1, Ξ𝑗 )}. (47)

Then, for 1 ≤ 𝑗 ≤ 𝑁𝑤, the TW-ROM is constructed by perform-
ing POD on the subset of snapshots whose indices belong to the 
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Fig. 5. Prescribed electric field case. The FOM and ROM solutions at time 𝑡 = 130 with energy missing ratio 𝛿𝜎 = 10−2.

Fig. 6. Landau damping. Left to right: The FOM perturbation distribution fields at time 𝑡 = 0, 𝑡 = 5, 𝑡 = 10 and 𝑡 = 15.

Fig. 7. Reproduction problems of the Landau-damping problem with final time 𝑡𝑓 = 15 for parameters 𝒑 = (0.01, 1) and 𝒑 = (0.03, 0.8). The relative error in the 
distribution field at the final time 𝜖𝑓,𝑡𝑓  of the single ROM and the TW-ROMs with respect to the energy missing ratio 𝛿𝜎 are shown.

group 𝑗 . In the online phase, the corresponding reduced order 
model is used, where the end-point 𝑇𝑗 (𝒑) of the temporal subinter-
val 𝑗 (𝒑) is defined as the time instance 𝑡𝑛(𝒑) when Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘)
first exceeds Ξ𝑗 , at which we increment to the next subinterval
𝑗+1(𝒑).

In Fig. 7, the behavior of the relative error 𝜖𝑓,𝑡𝑓  with respect to 𝛿𝜎
for 𝒑 = (0.01, 1) and 𝒑 = (0.03, 0.8) are shown. The results show that both 
𝜖𝑓,𝑡𝑓  of the single ROM and the TW-ROMs decrease as 𝛿𝜎 decreases. 
Additionally, the error of the single ROM is comparable to that of the 

TW-ROMs for both 𝒑. Furthermore, we find that increasing the number 
of subintervals 𝑁𝑤 in the TW-ROM does not further improve accuracy.

We fix the energy missing ratio 𝛿𝜎 to be 10−3 for all the ROMs and 
further examine the approximated max |𝐸| in the time interval 𝑇interval
for 𝒑 = (0.01, 1) and 𝒑 = (0.03, 0.8) in Fig. 8.

We observe that the single ROM is able to reproduce the max |𝐸|

history up to 𝑡 ≈ 9 and 𝑡 ≈ 14 for 𝒑 = (0.01, 1) and (0.03, 0.8), respectively. 
On the other hand, we observe that the TW-ROMs are able to reproduce 
the max |𝐸| history for the entire time interval 𝑇interval.
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Fig. 8. Reproduction problem of the Landau damping for parameters 𝒑 = (0.01, 1) and 𝒑 = (0.03, 0.8). The behavior of the max |𝐸| in the time interval 𝑇interval for the 
single ROM (27) and the TW-ROM (32) with the energy missing ratio 𝛿𝜎 = 10−3.

Fig. 9. Reproduction problem of the Landau-damping problem with final time 𝑡𝑓 = 15 for parameter 𝒑 = (0.03, 0.8). Comparison of ROMs using two methods for 
constructing the potential reduced basis functions. The compression potential basis refers to the approach utilizing POD, while the derived potential basis involves 
solving Poisson problems.

We further assess the performance of the single ROM and TW-ROMs 
in the reproduction problem for the parameter 𝒑 = (0.03, 0.8) using the 
two methods for constructing the potential reduced basis functions, as 
discussed in Section 3.1. In Fig. 9, the behavior of the 𝜖𝑓,𝑡𝑓  with respect 
to the 𝛿𝜎 for the two approaches is shown. The compression potential 
basis refers to the approach that utilizes POD, while the derived poten-
tial basis involves solving Poisson problems. We find that for values of 
𝛿𝜎 > 10−3, the performance of the ROMs is comparable for both.

For values of 𝛿𝜎 ≤ 10−3, the ROMs with the compression potential 
basis are more accurate than the ROMs with the derived potential basis. 
In particular, we observe a significant difference in the performance of 
the single ROM.

The differences in performance can be attributed to two factors. First, 
we find that the compression potential basis is more effective in repre-
senting the potential snapshots compared to the derived potential basis. 
In particular, for a given value of 𝑛𝜙, the projection error associated with 
the compression potential basis is five orders of magnitude smaller than 
that of the derived potential basis. Second, we compare the singular val-
ues of the potential and distribution snapshot matrices. We find that for 
a given energy missing ratio, such as 𝛿𝜎 = 10−4, (12) indicates that the 
basis size for the potential is 𝑛𝜙 = 3, while the basis size for the distribu-
tion is 𝑛𝑓 = 30. With the derived potential basis, the reduced potential 
field uses the same number of modes as the reduced distribution field. 
The inclusion of high-index modes can contribute to the error due to 
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Fig. 10. Parametric problem of the Landau damping. The relative error in the distribution field at the final time 𝜖𝑓,𝑡𝑓  of 𝒑 ∈ ℎ for the single ROM and the TW-ROMs 
with various values of 𝑁𝑤. The energy missing ratio 𝛿𝜎 is chosen to be 10−4 for all the ROMs. The values of 𝜖𝑓,𝑡𝑓  for the training parameters are enclosed with a red 
box. (For interpretation of the references to colour in this figure, the reader is referred to the web version of this article.)

the nonlinear approximation in (20). This explains why the ROMs with 
derived potential basis have larger errors.

5.2.2.  Parametric problem
We next consider the parametric problem, where the ROMs are de-

ployed to predict solutions at parameters 𝒑 ∈  other than the training 
parameters. To construct the ROMs, we consider 𝑛𝑝 = 4 training param-
eters, namely 𝒑1 = (0.01, 0.8), 𝒑2 = (0.01, 1.0), 𝒑3 = (0.03, 0.8), and 𝒑4 =
(0.03, 1.0). For each training parameter, 3000 snapshots are collected in 
the time interval 𝑇interval = (0, 15], leading to a total of 𝐾 = 12000 snap-
shots. The single ROM (27) is constructed by performing POD on the 
entire snapshot set. For the TW-ROM (32), the range of the physical 
time indicator [Ξmin = 0, Ξmax = 15) is partitioned uniformly into 𝑁𝑤
subintervals. 𝐾 = 12000 snapshots are then classified into 𝑁𝑤 groups 
based on the partition of the physical time indicator range, where the 
𝑗-th group is 

𝑗 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝑝) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡 and 𝑡𝑛 ∈ [Ξ𝑗−1, Ξ𝑗 )}. (48)

Then, for 1 ≤ 𝑗 ≤ 𝑁𝑤, the TW-ROM is constructed by performing POD 
on the subset of snapshots whose indices belong to the group 𝑗 . In 
the online phase, the ROMs are deployed at the various parameters 
𝒑 ∈ ℎ ⊂  = [0.01, 0.03] × [0.8, 1] with final time 𝑡𝑓 = 15, where ℎ is 
a discrete parameter space ℎ ⊂  with 5 and 5 evenly distributed dis-
crete points in the respective parameter range, resulting in a total of 
25 parameters. For each parameter 𝒑, the corresponding reduced order 
model is used, where the end-point 𝑇𝑗 (𝒑) of the temporal subinterval 
𝑗 (𝒑) is determined similarly as in the reproduction problem.

Fig. 10 displays the relative error in the distribution field at the final 
time 𝜖𝑓,𝑡𝑓  of 25 parameters 𝒑 ∈ ℎ for the single ROM and the TW-ROMs 

with three values of 𝑁𝑤. The energy missing ratio 𝛿𝜎 is chosen to be 10−4
for all the ROMs.

We observe that the TW-ROMs have smaller errors at the four 
training parameters and testing parameters, 𝒑 ∈ {0.015, 0.02, 0.025} ×
{0.8, 1.0}}, compared to the single ROM. In addition, by refining 
a fixed temporal partition—specifically, by using values of 𝑁𝑤 =
2 and 𝑁𝑤 = 4—we find that the TW-ROM with 𝑁𝑤 = 4 performs 
slightly better than the TW-ROM with 𝑁𝑤 = 2 at the training pa-
rameters. For the testing parameters, 𝒑 ∈ {0.01, 0.015, 0.02, 0.025, 0.03} ×
{0.85, 0.9, 0.95}, the single ROM has smaller errors. Additionally, in-
creasing the value of 𝑁𝑤 slightly deteriorates the performance of the 
TW-ROM. Overall, we observe that both the single ROM and the TW-
ROMs achieve a maximum error of less than 0.01% for parameters
𝒑 ∈ ℎ.

We further calculate the average speed-up for the 25 parameters in 
ℎ for each ROM. The average FOM CPU time is 8.035 s. The correspond-
ing average ROM CPU times are 0.402 s for the single ROM (𝑁𝑤 = 1), 
0.223 s for 𝑁𝑤 = 2, 0.175 s for 𝑁𝑤 = 3, and 0.149 s for 𝑁𝑤 = 4, yielding 
average speed-ups of 20, 36, 46, and 54, respectively.

With 𝛿𝜎 = 10−4, we further examine the approximated max |𝐸| in the 
time interval 𝑇interval for the two training parameters 𝒑train = (0.03, 0.8)
and 𝒑train = (0.01, 1) and the two testing parameters 𝒑test = (0.03, 0.9)
and 𝒑test = (0.03, 0.85) in Fig. 11. The two testing parameters are 
specifically chosen because they correspond to ROMs with large 𝜖𝑓,𝑡𝑓
values.

We find that both the single ROM and the TW-ROMs can reproduce 
the max |𝐸| history for 𝒑train = (0.03, 0.8). For 𝒑train = (0.01, 1), max |𝐸| of 
all the ROMs deviate away from the FOM max |𝐸| after 𝑡 ≈ 10 and a much 
larger discrepancy is observed in the single ROM. For the two testing 
parameters 𝒑test, both the single ROM and the TW-ROMs struggle to 
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Fig. 11. Parametric problem of the Landau damping. max |𝐸| behavior in the time interval 𝑇interval of the single ROM (17) and the TW-ROM (32) with the energy 
missing ratio 𝛿𝜎 = 10−4 for the two training parameters 𝒑 = (0.03, 0.8) and (0.01, 1), and the two testing parameters 𝒑 = (0.03, 0.9) and (0.03, 0.85).

accurately predict the behavior of max |𝐸|. We observe that the max |𝐸|

of the single ROM grows towards the end of 𝑇interval. Although max |𝐸|

of the TW-ROMs remains stable, there is a shift in the period of max |𝐸|. 
While there are discrepancies in the max |𝐸| behavior compared to the 
FOM, the decay rate of max |𝐸| predicted by the ROMs is similar to that 
of the FOM.

5.3.  2D (1D1V) Vlasov–Poisson equations - Two-stream instability

The formation of the two-stream instability occurs due to the non-
linear evolution of (1). This instability is a well-known phenomenon in 
plasma physics, which is generated by two counter-streaming beams. 
In this process, the kinetic energy of particles excites a plasma wave, 
which then transfers to electrostatic potential energy [47]. In this study, 
we focus on the temporal interval that includes three stages, namely, 
short transient, growth, and statistically stationary stages, which require 
many reduced bases for ROMs to accurately capture the behavior in each 
stage [41]. The initial condition is 

𝑓 (𝑥, 𝑣) =
𝑛0

√

2𝜋𝑣2𝑇

(1 + 𝛼 cos(2𝑘𝜋 𝑥
𝐿
))

[

exp(−
(𝑣 − 𝑣0)2

2𝑣2𝑇
) + exp(−

(𝑣 + 𝑣0)2

2𝑣2𝑇
)

]

,

(49)

where 𝐿 = 2𝜋, 𝑛0 = 8 and 𝑣0 = 1 is the initial velocity displacement in 
phase space. The wavenumber 𝑘 of the perturbation is set to 1. The 
perturbation amplitude 𝛼 and the thermal velocity 𝑣𝑇  are the study pa-
rameters 𝒑 = (𝛼, 𝑣𝑇 ), with 𝒑 ∈  = [0.001, 0.0025] × [0.08, 0.1].

We consider the computational domain (𝑥, 𝑣) ∈ Ω ∶= [0, 2𝜋] ×
[−3.5𝑣𝑇 , 3.5𝑣𝑇 ] with periodic boundary conditions in the 𝑥-direction 
and homogeneous Dirichlet boundary conditions in the 𝑣-direction. The 
FOM has 𝑁𝑓 = 256 × 256 = 65536 degrees of freedoms. A uniform time 
step Δ𝑡 = 0.0025 is used for the evolution of the particle’s distribution 
over the time interval 𝑇interval = (0, 𝑡𝑓 ] with 𝑡𝑓 = 10.

In Fig. 12, we investigate the reducibility of the problem for 
four parameters, namely, 𝒑 = (0.001, 0.08), (0.001, 0.1), (0.0025, 0.08) and 
(0.0025, 0.1). For each parameter 𝒑, we compute the singular values of 
the snapshots matrix 𝑭 ∈ ℝ𝑁𝑓×𝐾 , where 𝐾 = 4000 snapshots are col-
lected within 𝑇interval. The behavior of 1 −

∑𝑛𝑓
𝑖=1 𝜎𝑖∕

∑𝐾
𝑖=1 𝜎𝑖 with respect 

to the reduced space dimension 𝑛𝑓  is shown with three values of the 
energy missing ratios, that is, 𝛿𝜎 = 10−2, 10−3 and 10−4, represented by 
the red dashed line. The results indicate that the global representation is 

less efficient when the perturbation amplitude 𝛼 is larger and the ther-
mal velocity 𝑣𝑇  is smaller. Specifically, this is in comparison to the case 
where 𝒑 = (0.001, 0.1). This is expected because, within a fixed time in-
terval 𝑇interval, a larger value of 𝛼 tends to result in the snapshot matrix 
containing a greater number of highly nonlinear solutions from the sta-
tistically stationary stage. Additionally, when 𝑣𝑇  is small, the solutions 
that appear in the matrix are generally less smooth.

We note that from the evolution of the electric field energy ∫ 𝐸2 𝑑𝑥
shown in Fig. 1, the time 𝑡 required to reach a statistically stationary 
stage varies by a factor of 1 across different parameter variations. Ad-
ditionally, the reducibility illustrated in Fig. 12 indicates a degree of 
variability in the solutions within the considered parameter range.

5.3.1.  Reproduction problem
We consider the reproduction problem at 𝒑 = (0.0025, 0.08). The FOM 

distribution field at time 𝑡 = 3, 4,… , 9, 10 is shown in Fig. 13. We observe 
solutions in three stages, namely, the short transient stage (𝑡 = 3, 4, 5), 
the growth stage (𝑡 = 6,… , 8), and the statistically stationary stage (𝑡 =
9, 10).

The single ROM is constructed by performing POD on 𝐾 = 4000 snap-
shots collected in the time interval 𝑇interval. For the TW-ROM (32), the 
range of the physical time indicator [Ξmin = 0, Ξmax = 10) is partitioned 
uniformly into 𝑁𝑤 subintervals. 𝐾 = 4000 snapshots are then classi-
fied into groups based on the partition of the indicator range. Then, 
for 1 ≤ 𝑗 ≤ 𝑁𝑤, the TW-ROM is constructed by performing POD on the 
subset of snapshots whose indices belong to the group 𝑗 . In the on-
line phase, the corresponding reduced order model is used, where the 
end-point 𝑇𝑗 (𝒑) of the temporal subinterval 𝑗 (𝒑) is defined as the time 
instance 𝑡𝑛(𝒑) when Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) first exceeds Ξ𝑗 , at which we incre-
ment to the next subinterval 𝑗+1(𝒑).

For the EW-ROM (41), 𝐾 = 4000 snapshots are classified into 𝑁𝑤 = 5
groups defined in Section 4.2. Then, for 1 ≤ 𝑗 ≤ 5, the EW-ROM is con-
structed by performing POD on the subset of snapshots whose indices 
belong to the group 𝑗 . In the online phase, the corresponding reduced 
order model is used, where the end-point 𝑇2(𝒑) of the temporal subin-
terval 2(𝒑) is defined as the time instance 𝑡𝑛(𝒑) when the electric field 
energy Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘) first exceeds 1, at which we increment to the 
next subinterval 3(𝒑). The end-point 𝑇3(𝒑) of the temporal subinterval 
3(𝒑) is defined as the time instance 𝑡𝑛(𝒑) when the slope of the elec-
tric field energy 𝜕Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘)∕𝜕𝑡 becomes less than 0, at which we
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Fig. 12. Two-stream instability. The behavior of 1 −
∑𝑛𝑓

𝑖=1 𝜎𝑖∕
∑𝐾

𝑖=1 𝜎𝑖 as a function of the reduced space dimension 𝑛𝑓  for four parameters 𝒑 =
(0.001, 0.08), (0.001, 0.1), (0.0025, 0.08) and (0.0025, 0.1).

Fig. 13. Two-stream instability with 𝛼 = 0.0025 and 𝑣𝑇 = 0.08. FOM distribution field at different times 𝑡.

increment to the next subinterval 4(𝒑). The end-point 𝑇4(𝒑) of the tem-
poral subinterval 4(𝒑) is defined as the time instance 𝑡𝑛(𝒑) when the 
slope of the electric field energy 𝜕Ξ(𝒇𝑛(𝒑𝑘), 𝑡𝑛,𝒑𝑘)∕𝜕𝑡 becomes greater 
than 0, at which we increment to the final subinterval 5(𝒑).

In Fig. 14(a), the behavior of the relative error 𝜖𝑓,𝑡𝑓  with respect to 
𝛿𝜎 for the ROMs is shown. The results show that the 𝜖𝑓,𝑡𝑓  for the sin-
gle ROM oscillates as 𝛿𝜎 decreases and can achieve an error of 2% with 
𝛿𝜎 = 10−5. In comparison, the results for the TW-ROMs show improved 
performance over the single ROM for the range 10−3 ≤ 𝛿𝜎 ≤ 10−4. For 
𝛿𝜎 ≤ 10−4, the TW-ROM with 𝑁𝑤 = 2 achieves an accuracy similar to the 
single ROM whereas the TW-ROMs with 𝑁𝑤 > 2 are able to achieve a 
better accuracy. For the EW-ROM, we find it outperforms the TW-ROM 
with the same or larger 𝑁𝑤 values for 10−3 ≤ 𝛿𝜎 ≤ 10−5. This demon-
strates the effectiveness of using the electric field energy indicator to 
classify the FOM states.

In Fig. 14(b), the behavior of the speed-up with respect to 𝛿𝜎 for the 
ROMs is shown. The average FOM CPU time is 15.03 s and serves as the 
reference for computing the speed-ups. The results show that the single 
ROM has the least speed-up. In contrast, the speed-up of the TW-ROM 
improves as the number of subintervals 𝑁𝑤 increases. Additionally, the 
results show that the speed-up of the EW-ROM is similar to the TW-ROM 
with the same (𝑁𝑤 = 5) or larger (𝑁𝑤 = 8) number of subintervals for 

𝛿𝜎 ≥ 10−5. However, for 𝛿𝜎 ≤ 10−5, the EW-ROM has a better speed-up 
compared to the TW-ROM with 𝑁𝑤 = 5.

We further investigate the approximation of the reduced space of 
the single ROM, the TW-ROMs, and the EW-ROM to the initial distribu-
tion state (49). The relative error between the true initial state and the 
projected initial state onto the reduced space, denoted as the projection 
error, is shown as a function of the reduced space dimension 𝑛𝑓  for all 
the ROMs in Fig. 15(a).

We observe that the projection error decreases as the reduced space 
dimension increases in all the ROMs. However, the projection error with 
the global reduced space (single ROM) saturates at a level that is four or-
ders of magnitude larger compared to the EW-ROM and the TW-ROMs. 
This shows the global reduced space is less effective in constructing the 
simple initial distribution state shown in Fig. 15(b). For the TW-ROMs 
and the EW-ROM, because of the temporal domain decomposition, the 
reduced space that is used to approximate the initial state is from the 1st 
group 1, which does not contain solutions in the growth and statisti-
cally stationary stages. This makes the representation more effective and 
leads to a smaller projection error. Additionally, we find improvement 
in the projection error as the number of subintervals 𝑁𝑤 increases. This 
is because the snapshots in the 1st group are more correlated to the ini-
tial state as the number of subintervals 𝑁𝑤 increases. We note that the 
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Fig. 14. Reproduction problem of the two-stream instability for parameter 𝒑 = (𝛼, 𝑣𝑇 ) = (0.0025, 0.08). (a) The behavior of the relative error in the distribution field 
at the final time 𝜖𝑓,𝑡𝑓  and (b) the speed-up as a function of the energy missing ratio 𝛿𝜎 for the single ROM, the TW-ROMs and the EW-ROM.

Fig. 15. Two-stream instability with 𝒑 = (𝛼, 𝑣𝑇 ) = (0.0025, 0.08). (a) The behavior of the projection error of the initial distribution state in 𝐿∞ norm with respect to 
reduced space dimension 𝑛𝑓 . (b) Initial distribution state.

Fig. 16. Reproduction problems of the two-stream instability with final time 𝑡𝑓 = 10 and parameter 𝒑 = (0.025, 0.08). Comparison of the ROMs using two methods 
for constructing potential reduced basis functions. The compression potential basis refers to the approach utilizing POD, while the derived potential basis involves 
solving Poisson problems.
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Fig. 17. Parametric problem of the two-stream instability. The relative error in the distribution field at the final time 𝜖𝑓,𝑡𝑓  of 𝒑 ∈ ℎ for the single ROM, the TW-ROM 
with 𝑁𝑤 = 5 and the EW-ROM. values of 𝜖𝑓,𝑡𝑓  for the training parameters are enclosed with a red box. (For interpretation of the references to colour in this figure, 
the reader is referred to the web version of this article.)

EW-ROM has a projection error similar to the TW-ROM with 𝑁𝑤 = 2 but 
not with 𝑁𝑤 = 5. This difference arises from the classification described 
in Section 4.2. Specifically, the first group 1 contains snapshots from 
the time interval [0, 4] which is similar to the first group of the TW-ROM 
with 𝑁𝑤 = 2.

Similar to the Landau-damping problem, we further assess the per-
formance of ROMs using the two methods for constructing the potential 
reduced basis functions, as discussed in Section 3.1. In Fig. 16, the be-
havior of the 𝜖𝑓,𝑡𝑓  with respect to 𝛿𝜎 for the two methods is shown. 
We find that for values of 𝛿𝜎 > 5 × 10−3, the performance of the ROMs 
is comparable for both. For values of 𝛿𝜎 ≤ 5 × 10−3, we find that the

single ROM and TW-ROMs with 𝑁𝑤 = 2, 4, using the compression po-
tential basis, are more accurate than the ROMs with the derived poten-
tial basis. In particular, we observe a significant difference in the perfor-
mance of the single ROM. For the EW-ROM and the TW-ROM with 𝑁𝑤 =
8, there is no significant difference between the two approaches. As dis-
cussed in the Landau-damping problem, the difference in performance 
can be attributed to two factors. First, for a given 𝑛𝜙 value, the projec-
tion error associated with the compression potential basis is two orders 
of magnitude smaller than that of the derived potential basis. Second, 
from the singular values of the potential and distribution snapshot ma-
trices, we find that for 𝛿𝜎 = 10−4, (12) indicates that the basis size for the
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Fig. 18. Comparison of the electric field energy ∫ 𝐸2 𝑑𝑥 history between the EW-ROM and the TW-ROM with 𝑁𝑤 = 5 along with the FOM for the two training 
parameters 𝒑 = (0.001, 0.1), and (0.0025, 0.08) and the four testing parameters 𝒑 = (0.00175, 0.08), (0.00175, 0.1), (0.0025, 0.075), and (0.0025, 0.0775). The energy missing 
ratio 𝛿𝜎 is fixed to 10−3.

potential is 𝑛𝜙 = 16, while the basis size for the distribution is 𝑛𝑓 = 55. 
The inclusion of high-index modes can contribute to the error due to the 
nonlinear approximation in (20).

5.3.2.  Parametric problem
The main interest of parametric studies in the two-stream instability 

is to investigate how the perturbation amplitude 𝛼 and thermal velocity 
𝑣𝑇  affect the solutions and the growth rate of the instability.

To construct the ROMs, we consider 𝑛𝑝 = 4 training parameters, 
namely 𝒑1 = (0.001, 0.08), 𝒑2 = (0.0025, 0.08), 𝒑3 = (0.001, 0.1), and 𝒑4 =
(0.0025, 0.1) and for each training parameter, 4000 snapshots are col-
lected in the time interval 𝑇interval = (0, 10], leading to a total of 𝐾 =
16000 snapshots. The single ROM (27) is constructed by performing POD 
on the entire snapshot set. For the TW-ROM (32), the range of the phys-
ical time indicator [Ξmin = 0, Ξmax = 10) is partitioned uniformly into 
𝑁𝑤 subintervals. 𝐾 = 16000 snapshots are then classified into 𝑁𝑤 groups 
based on the partition of the physical time indicator range, where the 
𝑗-th group is 
𝑗 = {(𝑛, 𝑘) ∈ ℤ × ℕ(𝑛𝑝) ∶ 0 ≤ 𝑛 ≤ 𝑁𝑡 and 𝑡𝑛 ∈ [Ξ𝑗−1, Ξ𝑗 )}. (50)

Then, for 1 ≤ 𝑗 ≤ 𝑁𝑤, the TW-ROM is constructed by performing POD 
on the subset of snapshots whose indices belong to the group 𝑗 . For the 

EW-ROM (41), 𝐾 = 16000 snapshots are classified into 𝑁𝑤 = 5 groups 
defined in Section 4.2. Then, for 1 ≤ 𝑗 ≤ 𝑁𝑤, the TW-ROM and the EW-
ROM are constructed by performing POD on the subset of snapshots 
whose indices belong to the group 𝑗 . In the online phase, the ROMs 
are deployed at the various parameters 𝒑 ∈ ℎ ⊂  = [0.001, 0.0025] ×
[0.08, 0.1] with final time 𝑡𝑓 = 10, where ℎ is a discrete parameter space 
ℎ ⊂  with 9 and 7 evenly distributed discrete points in the respective 
parameter range, resulting in a total of 63 parameters. We note that 
the end-points 𝑇𝑗 (𝒑) of the temporal subinterval 𝑗 (𝒑) for both the TW-
ROM and the EW-ROM are determined similarly as in the reproduction 
problem, which is described in the previous section.

Fig. 17 displays the relative error in the distribution field at the final 
time 𝜖𝑓,𝑡𝑓  of 63 parameters 𝒑 ∈ ℎ for the single ROM, the TW-ROM, 
and the EW-ROM. The results show that with 𝛿𝜎 = 10−3, the EW-ROM 
achieves maximum errors of 7.5% and 11% in the training and testing 
parameters, respectively. On the other hand, although the single ROM 
is able to achieve a maximum error of 9% in the training parameters, 
it performs terribly on almost all the testing parameters. The TW-ROM 
with 𝑁𝑤 = 5 has smaller errors in the testing parameters compared to 
the single ROM. However, surprisingly, it has the largest errors in the 
training parameters compared to the single ROM and the EW-ROM. We 
further decrease 𝛿𝜎 from 10−3 to 5 × 10−4 for both the single ROM and 
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Fig. 19. Extrapolation of the electric field energy ∫ 𝐸2 𝑑𝑥 in time with the EW-ROM along with the FOM for the four training parameters. The energy missing ratio 
𝛿𝜎 is fixed to 10−3.

the TW-ROM, and we find improvement in both ROMs. For the single 
ROM, the maximum error in the training parameters is 5%, and the max-
imum error in the testing parameters is reduced from 115% to 38%. For 
the TW-ROM, the maximum error in the training parameters is 10%, 
and the maximum error in the testing parameters is reduced from 33%
to 10%. We further calculate the average speed-up for the 63 parameters 
in ℎ for each ROM. The average FOM CPU time is 14.25 s. The corre-
sponding average ROM CPU times are 0.891 s for the single ROM with 
𝛿𝜎 = 5 × 10−4, 0.248 s for the TW-ROM with 𝛿𝜎 = 5 × 10−4, and 0.16 s for 
the EW-ROM with 𝛿𝜎 = 10−3, yielding average speed-ups of 16, 57, and 
89, respectively. Overall, considering both the accuracy and speed-up, 
the EW-ROM is a better model compared to the TW-ROM.

With 𝛿𝜎 = 10−3, we further examine the behavior of the electric field 
energy ∫ 𝐸2 𝑑𝑥 in the time interval 𝑇interval for the TW-ROM and the EW-
ROM at the two training parameters 𝒑 = (0.001, 0.1), (0.0025, 0.08) (train-
ing), and the two testing parameters 𝒑 = (0.00175, 0.08), (0.00175, 0.1)
in the interpolatory region and the two testing parameters 𝒑 =
(0.0025, 0.075) and (0.0025, 0.0775) in the extrapolatory region in Fig. 18. 
For the training parameters, we find both the ROMs capture the growth 
rate of the instability, but the TW-ROM cannot capture the end-time 
of the growth stage. For the testing parameters in the interpolatory re-
gion, we find both ROMs capture the growth rate and end-time of the 
growth stage. For the testing parameters in the extrapolatory region, we 
find that TW-ROM is slightly better at capturing the growth rate than 
EW-ROM. However, we find that the TW-ROM struggles to predict the 
end-time of the growth stage, while the EW-ROM performs satisfacto-
rily.

We also investigate the performance of the ROM in extrapolation 
in time. We further simulate the EW-ROM for a time interval [0, 40], 
which is four times larger than the training interval 𝑇interval = [0, 10]. The 
electric field energy predictions made by the EW-ROM at four training 
parameters are shown in Fig. 19. We find that, although EW-ROM does 
not accurately capture the energy, the predicted energy does a decent 
job of capturing the FOM energy accurately enough and does not blow 
up or decay. A more investigation would be required to further improve 
the performance, for example, by extending the training window.

6.  Conclusions

In this paper, we develop reduced-order model techniques to accel-
erate the kinetic simulations of electrostatic plasmas. In particular, we 
study the effects of perturbation amplitude and thermal velocity as prob-
lem parameters on the physical quantities. We use POD to construct 
distribution and potential reduced basis functions. Furthermore, we in-
troduce a tensorial approach that utilizes the tensor-product represen-
tation in the grid-based simulation and reduced basis approximation of 
the electric field to efficiently update the nonlinear term. Moreover, we 
decompose the temporal domain into subintervals and construct a tem-
porally local reduced-order model with varying parameters. We com-
pare two decomposition techniques, namely, decomposing the solution 
manifold by the physical time and the electric field energy. In Section 5, 
we demonstrate that the temporally-local ROMs are more accurate than 
the single ROM for the Landau-damping and the two-stream instabil-
ity cases. In addition, in the two-stream instability problem, we show 
that the electric field energy indicator provides better results than the 
physical time indicator in terms of both speed-up and solution accuracy.

Possible directions of future investigation include applying the de-
veloped reduced-order model techniques to multiple spatial dimensions 
and extending them to the electromagnetic Vlasov–Maxwell equations. 
We note that the solution dynamics in those contexts are expected to 
be more complex. This will require LS-ROMs to use a large number of 
modes to accurately represent the dynamic behavior. Consequently, the 
development of a temporally-local ROM becomes essential. In addition, 
instead of constructing reduced spaces using POD, tensor decomposi-
tions could be beneficial in those high-dimensional systems [41,48,49] 
or machine-learning-based nonlinear manifold methods [19,34] could 
be explored to obtain more compact latent representations for each lo-
cal ROM, which is particularly beneficial since, in high-dimensional sys-
tems, the reduced spaces could remain large even when using tempo-
rally local ROMs. Furthermore, to extend the temporally local ROMs 
to a broader and higher-dimensional parameter space, the investiga-
tion of a more intelligent indicator is necessary. The development of 
efficient error estimators to optimally select the training parameters to 
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build ROMs is also important. For example, the dual norm of the residual 
could be employed as the error estimator for training parameter selec-
tion [23,45]. Such estimators can be made efficient by computing the 
Riesz representation in the offline stage and assembling the estimator 
matrix in the online stage. For temporally local ROMs, separate error 
estimators would be needed for each local ROM to quantify the error 
across all subintervals. Finally, extending the current projection-based 
ROM framework to the data-driven finite element method (DD-FEM) 
[50] would be a natural next step, given that kinetic problems often in-
volve high-dimensional spaces and that data generation itself can be a 
significant challenge for any data-driven approach. DD-FEM addresses 
this issue by decoupling the training phase from the online phase-i.e., 
generating data and training data-driven bases on smaller subdomains, 
then tackling the global domain problem by assembling these data-
driven basis elements and solving the governing physics through the 
projection-based ROM framework combined with an optimization for-
mulation.
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